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Abstract 

 

Experimental educational research is of great impact because it illuminates cause-and-effect 

relationships by accumulating empirical evidence. The present article does not propose new 

methods but brings three useful experimental designs as well as appropriate statistical 

procedures (rank order statistics) to the attention of the reader to conduct educational 

experiments, even with small samples. By means of their systematic use combined with the 

process-product paradigm of experimental educational research, the influence of essential 

variables (teacher, context, and process variables) in schools, universities, and other 

educational institutions can be investigated. The statistical procedures described in this article 

guarantee that small samples (e.g. a school class) can be successfully used, and that product 

variables (e.g. knowledge, comprehension, transfer) are only required to meet the criteria of 

an ordinal scale. The experimental designs and statistical procedures are exemplified by 

hypothetical data and detailed calculations. 
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Useful experimental designs and rank order statistics in educational research  

 

1. Introduction 

The experiment "has been one of science's most powerful methods for discovering descriptive causal 

relationships" (Shadish, Cook, & Campbell, 2002, p. 26). A close look at journals of experimental educational 

research (International Review of Education; Journal of Education and Behavioral Statistics; Journal of 

Experimental Education; American Educational Research Journal; Review of Educational Research; British 

Educational Research Journal; Zeitschrift für empirische Pädagogik, Empirische Pädagogik) from 1998 through 

mid of 2012, however, leads to the conclusion that besides numerous reports on empirical studies only few 

articles exist dealing with methodological issues of experimental educational research: 

� Research on applied parametric and non-parametric statistics (Vargha & Delaney, 1998; Zimmermann, 

1998; Luh, 1999; MacDonald, 1999, Mielke & Berry, 1999; Beasley, 2000; Luh & Guo, 2006) 

� Research on statistical significance and effect size (MacDonald, 1999; DeVaney, 2001; Thompson & 

Snyder, 1997; Thompson, 2001; Wilcox, 2006; Hedges, 2007; Schochet, 2008; Raykov & Marcoulides, 

2010; Hedges 2011; Aloe & Becker, 2012) 

� Research on drop-outs, on handling missing values, and on data re-scaling (Harwell & Gatti, 2001; 

Schwippert, 2002; Zhang & Rubin, 2003; Moerbeek, 2008; Barnard & Rubin 2010; Shin & 

Raudenbush, 2010; Pietsch, 2011) 

These articles highlight important aspects relevant to experimental educational research. However, the 

following important issues are underrepresented in the journals cited above: 

� Experiments must be amenable to being carried out with small samples (e.g. size of a class),  

� Measures of learning are often based on an ordinal scale type and must therefore be analyzed by 

means of appropriate statistics (cited from Zendler & Pfeiffer, 2009).  

Based on these considerations, the present article aims at providing useful factorial designs as well as 

appropriate statistical procedures (rank order statistics) for experimental educational research. Thereby, we are 

reacting to Kieffer, Reese, and Thompson (2001), who expressed the following requirement in conjunction with 

the methodological improvement of empirical educational research: "Those of us who are methodologists bear a 

responsibility to do our best to move the field toward improved practice. Our colleagues expect us to offer 

leadership, because given knowledge explosions within their disciplines; they have difficulty enough remaining 

current in their own areas, much less with emerging developments in statistics techniques and thinking" (Kieffer, 

Reese, & Thompson, 2001, p. 305). 

The present article consists of five sections: Section 2 gives an overview of the scope of educational 

research. The third section deals with methodological demands on educational experiments. Section 4 introduces 

three experimental designs and statistical procedures (rank order statistics) which are adequate for experimental 

education research. Conclusions are drawn in the last section. The appendices illustrate the principle of rank 

order statistics and provide calculations for the examples described in section 4. 

2. The scope of educational research 

Educational research is the scientific investigation of education, its determining variables, its internal 

processes and the results of these processes (cited from Shuell, 1996; Helmke, 2005, 2006). Modern educational 

research (Shuell, 1996) is based on the process-product paradigm originally developed by Dunkin and Biddle 
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(1974). This paradigm takes into account four main factors relevant to learning and teaching: (1) presage 

variables such as teacher characteristics, type of teacher preparation program, etc; (2) context variables such as 

student characteristics, and characteristics of the school and classroom environment; (3) process variables such 

as actual activities of classroom teaching and learning; and (4) product variables such as outcomes of teaching, 

i.e. what the students have learned. Thus, the process-product paradigm focuses on how processes in the 

classroom affect products, e.g. learning outcomes. Enhancements of the process-product paradigm address basic 

conditions of teaching, classroom environments, and mediation processes (cited from Shuell, 1996; 

Wellenreuther, 2007). 

Basic conditions of teaching. Basic conditions of teaching deal with two aspects: on the one hand 

characteristics of the class which are unmodifiable by the teacher prior to instruction; on the other hand factors 

such as the catchment area of the school and the composition of the class (e.g. percentage of students with 

foreign mother tongue, percentage of students from classes of lower income, level of previous knowledge at the 

beginning of instruction). 

Classroom environments. According to Doyle (1986) this factor has six properties related with the dynamics 

of classroom instructions: (i) multidimensionality (classrooms are crowded settings with a large number of 

interconnected events), (ii) simultaneity (many things happen at the same time), (iii) immediacy (a large number 

of events progress at a rapid rate), (iv) unpredictability (it is difficult how a particular activity will turn out on 

any given day), (v) publicness (classrooms are public places, there are few places for either the teacher or 

students to hide), (vi) history (common history of experiences, norms and routines accumulate). 

Mediation processes. Teacher activities do not directly influence the cognitive, affective, or motivational 

processes of the students. Moreover, individual student processes mediate the teacher´s activities. Negatively 

expressed: "It is conceivable that a student would fail to learn from a particular instructional setting, regardless 

of its ‘quality’, because of an inability to recognize and interpret cues that signal which performances are being 

taught" (Doyle, 1986, p. 185). 

3. Methodological demands on experimental educational research 

Experimental educational research may be understood as the scientific sub-discipline of empirical 

educational research that is engaged in the experimental investigation of teaching and learning in the context of 

educational institutions. It comes hand in hand with great demands on experimental design and statistical data 

analysis. 

3.1 Experimental design 

Involvement of several factors. Several factors (presage, context, process, product variables) should be 

included in the experimental design in terms of the process-product paradigm. The inclusion of several factors is 

interesting from a pedagogical point of view because interactions may be tested. For example, in the case that the 

interaction between method and student characteristics is significant (method × student characteristics), different 

methods have different effects on the dependent variable (e.g. learning outcome) with respect to different learner 

characteristics (cf. Cronbach & Snow, 1977; O´Malley, 1988; Marjoribanks, 1988). 

Consideration of classroom environment. The factor classroom environment should be explicitly considered 

in the experimental design. By including classroom environment in a two or higher order factorial design, for 

instance, it can be tested whether a method concerning different classes – method × class – has an effect on 

teaching and learning (cited from Klauer, 1973; 2005). If the interaction is significant, evidence is provided that 

the method has different effects regarding different classes. In such a case, the hypothesis must be abandoned 

that a method is generally superior. Furthermore, this demand can also mean that different characteristics of 

classes (e.g. knowledge level of a school class, students of different social background) may be considered in 

experimental educational research. Thus, interactions such as method × characteristic of school class are 
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testable. 

Usage of an economical design. The preparation of an economical experimental design depends on the 

background knowledge of the researcher, the involved hypotheses, the sample size, and the number of levels of 

factor combinations. To provide evidence of an experimental effect without generalizations to the population, 

relative small samples are sufficient. The demand on economic experimental design in the context of educational 

experiments is discussed in the literature (Lewis, 1968; Cooper, 1988; Klauer, 1973; 2005). 

3.2 Statistical analysis 

Keselman et al. (1998) investigate the uses of data analysis in 226 articles of several prominent educational 

journals (e.g. American Educational Research Journal, Journal of Educational Computing Research, and Journal 

of Experimental Education). They state: "In particular, applied statisticians have devoted a great deal of effort to 

understanding the operating characteristics of statistical procedures when the distributional assumptions that 

underlie a particular procedure are not likely to be satisfied. It is common knowledge that, under certain 

data-analytic conditions, statistical procedures will not produce valid results. The applied researcher who 

routinely adopts a traditional procedure without giving thought to its associated assumptions may unwittingly be 

filling the literature with nonreplicable results" (Keselman, 1998, p. 351). Besides the assumptions that 

Keselman et al. stress, the scale type of product variables and the sample size are of utmost importance to 

consider when conducting educational experiments. 

Assumptions. From many methodological research reviews (Goodwin & Goodwin, 1985; West, Carmody, & 

Stallings, Keselman et al., 1998; Authors, 2009) it is known that parametric tests (t-test, F-test, etc.) are used to 

analyze educational experiments without taking into account their distributional assumptions (normal 

distribution, independently distributed homogeneity of variance). Non-parametric statistics are an interesting 

alternative; most frequently they simply require that the population is continuous (Gibbons & Chakraborti, 2003). 

Although the assumptions are lower than for parametric tests, it is certainly true that variance homogeneity is a 

prerequisite for some non-parametric statistics, e.g. the Kruskal-Wallis test (cited from Keselman, 1998; Lix et 

al., 1996). 

Scale type of product variables. Data from experimental educational research (e.g. knowledge, 

comprehension, transfer data) must be considered ordinal unless the properties of an interval scale have been 

verified from a measurement theoretical point of view (Krantz, Luce, Suppes, & Tversky, 1971; Roberts, 1979; 

Narens, 2007). Thus, rank order statistics should be used for data analysis (Cooper, 1988; Gibbons & 

Chakraborti, 2003; Kvam & Vidakovic, 2007). 

Sample size (N = small). Due to the involvement of classroom environments in experimental educational 

research, normally small samples must be used. For this, statistical tests should be applied which consider this 

restriction. Rank order statistics are appropriate in cases with small samples (Lienert, 1978; Hettmansperger, 

1984; Siegel & Castellan, 1988, Cooper, 1988). There is no simple answer to the question what small means 

(Huck, 2009). Some authors recommend rank order statistics to be used when sample size is as small as 5 or 6 

subjects per group (Siegel, 1956; Pett, 1997; Huck, 2009). 

4. Experimental designs and appropriate rank order statistics 

Here we can see that three experimental designs are described whose necessity is a result of demands on 

experimental educational research (see section 3), empirical findings (Authors, 2009; Wellenreuther, 2007) and 

theoretical requirements (Klauer, 1973; 2005). In detail, the following three designs are explicated using the 

nomenclature of Kirk (1995): 
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� CRF-pq experimental design
1
 

� SPF-p•q experimental design
2
  

� SPF-pr•q experimental design
3
 

For each of the three experimental designs rank order statistics are introduced and exemplified by data sets. 

These data sets are hypothetical because no educational experiments have been published applying these 

statistical procedures. It should be noted that standard commercial software (SPSS, SAS) does not support 

advanced rank order statistics, but they can be easily implemented using spreadsheet calculation programs. 

There are no effect size indices reported for the statistical procedures presented in this article. Nevertheless, 

the effect size indicator requivalent introduced by Rosenthal and Rubin (2003) can be used. requivalent is an effect size 

estimate for statistical procedures where no generally accepted effect size indicator exists. 

In this article only factorial designs are considered in which all possible combinations of factor levels occur. 

Especially when whole classes participate in a study, hierarchical designs can be used. In this case, the 

hierarchical linear model (HLM) is appropriate for statistical analyses (Bryk & Raudenbush, 1992; Hox, 2000), 

even with ordinal data (Raudenbush & Bryk, 2002; Hedeker 2008). Although the HLM truly partitions variation 

among levels, it has more restrictive assumptions than rank order statistics presented here. For example, a 

sufficient large number of units on each level are necessary: for a two-level analysis conducted in schools, a 

large number of schools and students must participate (Mok, 1995). 

4.1 CRF-pq experimental designs to test interactions 

CRF-pq experimental designs allow for investigating the effects of two factors A and B on a dependent 

variable. The factor A may have p, the factor B may have q levels. 

CRF-pq experimental designs are important for experimental educational research because they allow for 

investigating two main effects, as well as the investigation of pedagogically important interaction effects such as 

method × media support or method × characteristics of media support. 

The characteristics of CRF-pq experimental designs are as follows: (1) p ≥ 2 levels of learning and teaching 

(e.g. p different methods) may be considered for factor A; (2) q ≥ 2 kinds of media support (specific 

characteristics) may be considered for factor B; (3) Learners are randomly assigned to the levels of factor 

combinations; (4) pq samples of learners are required. If each sample consists of n learners, then the total sample 

size is N=pqn. 

Figure 1 depicts the layout of a CRF-32 design with p = 3 levels of teaching (a1, a2, a3) and learning and 

q = 2 levels of the factor classroom (resp. classroom characteristics or learner characteristics) (b1, b2) resulting in 

six samples S1 through S6. 

 

 

 

 

Figure 1. Layout of a CRF-32 experimental design 

                                                      
1 CRF = Completely Randomized Factorial; p and q denote the number of levels of the two factors  
2 SPF = Split-Plot Factorial; p and q denote the number of levels of the two factors 
3 SPF = Split-Plot Factorial; p, r, and q denote the number of levels of the three factors 
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Rank order statistics for CRF-pq designs: The bifactorial H-test 

The bifactorial H-test by Lemmer and Stoker (1967) allows for testing the effects of a factor A with p levels 

and a factor B with q levels on a dependent variable. Equal samples sizes per cell are assumed. In addition, 

subjects are completely randomized regarding factor A and factor B. 

1. Statistical hypotheses: The bifactorial H-test allows for testing three null hypotheses regarding the factors 

A and B as well as the interaction A × B. The hypotheses are: 

i) the means µ1, µ2, ..., µp of the populations with the p levels of factor A are equal, i.e. 

A
H 0 : µ1 = µ2 = ... = µp; 

ii) the means µ1, µ2, ..., µq of the populations with the q levels of factor B are equal, i.e. 

B
H 0 : µ1 = µ2 = ... = µq; 

iii) the means µ11, µ12, ..., µpq of the populations with the pq levels of the factor combination A × B are equal, 

i.e. 

BA
H

×
0 : µ11 = µ12 = ... = µpq. 

2. Test statistics: The test statistics of the bifactorial H-test are based on three independent components HA, 

HB, and HA×B connected by addition (cited from Lemmer & Stoker, 1967, p. 70): 

BABA HHHH ×++= . 

The test statistics are formulated in analogy to the classical H-test by Kruskal and Wallis (1952). For this, 

the overall statistics )1(3
)1(
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The statistics AH  has a χ2
 distribution with df = p–1 degrees of freedom, BH  has a χ2

 distribution with 

df = q–1 and BAH ×  has a χ2
 distribution with df = (p–1)(q–1) degrees of freedom. 

3. Decisions: For three simultaneous H-tests the decisions at adjusted α*
 = α/3 are as follows

4
: (i) 

A
H 0  is 

                                                      
4 We use the Bonferroni procedure for α-level adjustment to simplify calculations. In studies with real data more appropriate methods for 

adjusting the α-level can be used, such as the Holm procedures (Holm, 1979; Shaffer, 1986).  
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rejected, if HA > 
2

)1;( * −pα
χ ; (ii) 

B
H 0  is rejected, if HB > 

2

)1;( * −qα
χ ; (iii) 

BA
H

×
0  is rejected, if HA×B 

> 
2

))1)(1(;( * −− qpα
χ . 

4. Example: An educational experiment using a CRF-32 design investigates the effect of three educational 

methods (a1, a2, a3) and two kinds of media support (b1, b2) on learning to read. Table 1 contains the hypothetical 

data set – ranks and data (italics) – for the CRF-32 design (for calculations see Appendix B.1). 

Table 1 

Hypothetical data set for the CRF-32 experimental design
5
 

 a1 a1 a2 a2 a3 a3 

 b1 b2 b1 b2 b1 b2 

 9 (6) 1 (1.5) 20 (12) 12 (8) 29 (28.5) 21 (12.5) 

 2 (2) 10 (6.5) 18 (11) 11 (7) 30 (29) 24 (14) 

 6 (4.5) 3 (2.5) 19 (11.5) 13 (8.5) 27 (27) 23 (13.5) 

 4 (3) 7 (5) 17 (10.5) 14 (9) 28 (28) 22 (13) 

 5 (4) 8 (5.5) 16 (10) 15 (9.5) 26 (26.5) 25 (16) 

Ti 26  29  90  65  140  115  

The statistics is H = 27.43 (for calculations see Appendix B). 

For the pooled data regarding factor A the statistics is HA = 12.50 [0.0018 < p(
2

)2(χ ) < 0.002] that is 

significant at adjusted α*
 = 0.0166: learning to read differs with respect to the three educational methods.  

For the pooled data regarding factor B the statistics is HB = 6.82 [0.0090 < p(
2

)1(χ ) < 0.0091], which is 

significant at adjusted α*
 = 0.0166: learning to read differ with respect to the two kinds of media support.  

The test statistics for the interaction is HAxB = 8.11 [0.0172 < p(
2

)2(χ ) < 0.0173] that is significant at adjusted 

α*
 = 0.0166: the three methods have different effects on learning supported by the two kinds of media. 

Further rank order statistics for CR-pq experimental designs 

Wolfe, Dean, and Hartlaub (1990) present a test optimized for interaction effects. Brunner, Puri, and Sun 

(1995) introduce a test for stratified samples. Akritas, Arnold, and Brunner (1997) describe a test that can be used 

with unequal sample sizes. 

4.2 SPF-p•q experimental designs to investigate learning efficiency 

SPF-p•q experimental designs allow for investigating the effects of a factor A and a repeated measures factor 

B on a dependent variable. The factor A may have p, the factor B may have q-levels. 

SPF-p•q experimental designs are of utmost importance for experimental educational research because they 

are well-suited to investigate learning processes with respect to the product-process paradigm (e.g. one presage 

                                                      
5 T denotes the rank sum of each sample. 
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variable, one context variable, one process variable). 

The characteristics of SPF-p•q experimental designs are as follows: (1) p ≥ 2 levels of learning and teaching 

may be considered for factor A; (2) q ≥ 2 repeated measurements may be considered for factor B; (3) learners 

with respect to the individual blocks are treated q-fold under the same conditions of teaching and learning; (4) p 

samples of learners are necessary. If each sample consists of n learners, then the total sample size is N=pn. 

Figure 2 shows the layout of a SPF-3•2 design with p = 3 methods (a1, a2, a3) and q = 2 levels of repeated 

measurements (b1, b2) resulting in three samples s1...sn, sn+1...s2n, s2n+1...s3n. 

 

 

 

 

 

 

 

 

Figure 2. Layout of a SPF-3•2 experimental design 

Rank order statistics for SPF-p••••q experimental design: The bifactorial D
p·q

-test 

The bifactorial D
p·q

-test published by Bredenkamp (1974) allows for testing the effects of a factor A with p 

levels and a repeated measures factor B with q levels on a dependent variable. Equal samples sizes per cell are 

assumed. In addition, subjects are completely randomized regarding factor A. 

1. Statistical hypotheses: The bifactorial D
p·q

-test allows for testing two null hypotheses with respect to the 

factor B and the interaction A × B
6
: 

i) the means µ1, µ2, ..., µq of the populations under q levels of factor B are equal, i.e. 

B
H 0 : µ1 = µ2 = ... = µq; 

ii) the means µ11, µ12, ..., µpq of the populations under pq levels of the factor combination A × B are equal, 

i.e. 

BA
H

×
0 : µ11 = µ12= ... = µpq . 

2. Test statistics: The test statistics of the bifactorial D
p.q

-test is based on the H-test by Kruskal-Wallis. For 

this, )1(3
)1(

12

1

2. +⋅⋅⋅−
+⋅⋅

= ∑
⋅

=

qpnT
qqn

D q

qp

i

i

q

qp

AB
 is used, N is the total sample size, nq are the sample 

sizes for the individual levels of factor B|A, Ti are rank sums of the individual samples. 

 

                                                      
6 At this point, it should be mentioned that the hypotheses expressed deal with the means of the distributions. Bruner, Dette, and Munk 

(1997) discuss in more detail hypotheses in nonparametric factorial designs. 
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The test statistics are: 

for 
B

H 0 :  );1(3
)1(

12

1)(

2

)(

. +⋅−
+⋅⋅

= ∑
=

qNT
qqN

D
q

bi

bi

qp

B  

for 
BA

H
×

0 : .... qp

B

qp

AB

qp

BA DDD −=×   

The statistics 
qp

BD .
 has a χ2

 distribution with df = q–1 degrees of freedom, 
qp

BAD .

×  has a χ2
 distribution 

with df = (p-1)(q–1) degrees of freedom. 

3. Decisions: For two simultaneous D
p.q

-tests, the decisions at adjusted α*
 = α/2 are as follows: (i) 

B
H 0  is 

rejected, if 
qp

BD .
 > 

2

)1;( * −qα
χ ; (ii) 

BA
H

×
0  is rejected, if 

qp

BAD .

×  > 
2

))1)(1(;( * −− qpα
χ . 

4. Example: An educational experiment using a SPF-3•2 design investigates the effect of three educational 

methods (a1, a2, a3) and at two different measuring times (b1, b2) on the comprehension of the Pythagorean 

Theorem. Table 2 contains the hypothetical data set – ranks and data (italics) – for the SPF-3•2 design (for 

calculations see Appendix B.2). 

Table 2 

Hypothetical data set for a SPF-3•2 experimental design 

  b1 b2 

 s1 1 (17) 2 (19) 

 s2 1 (14) 2 (25) 

a1 s3
 1 (13)  2 (24) 

s4
 2 (15) 1 (14) 

 s5
 1 (11) 2 (16) 

Ti  6  9 

  b1 b2 

 s6 1 (12) 2 (15) 

 s7 2 (16) 1 (13) 

a2 s8
 2 (14) 1 (13) 

s9
 1 (15)  2 (28) 

 s10
 1 (19) 2 (20) 

Ti  7  8 

  b1 b2 

 s11 2 (24) 1 (3) 

 s12 2 (27) 1 (6) 

a3 s13
 2 (18) 1 (7) 

s14
 2 (29) 1 (8) 

 s15
 2 (19)  1 (12) 

Ti 10  5 
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The auxiliary formula calculates from 
qp

AB
D .

 = 7.0). 

For the pooled data regarding factor B of the experiment the test statistics is 
qp

BD .
 = 0.07 

[0.79 < p(
2

)1(χ ) < 0.80] that is not significant at adjusted α*
 = α/2 = 0.025: comprehension of the Pythagorean 

theorem does not differ with respect to the two levels of measuring time. Thus, neither method led to a change in 

the comprehension of the Pythagorean Theorem. 

By using the auxiliary formula 
qp

AB
D .

 the test statistics 
qp

BAD .

×  = 6.93 [0.031 < p(
2

)2(χ ) < 0.032] that is not 

significant at α*
 = 0.025: the comprehension of the Pythagorean theorem does not differ for the three educational 

methods in interaction with the two different measuring times. Thus, there are no group differences in changing 

the comprehension of the Pythagorean Theorem. 

Further rank order statistics for SPF-p••••q experimental designs 

Rashid (1996) introduced two tests to analyze SPF-p•q experimental designs. Furthermore, he presented 

post hoc tests for contrasts. In Monte Carlo simulations he provided evidence that his tests have a similar power 

as analogous parametric tests. Brunner and Dette (1992) as well as Steland (1997) describe tests that admit drop 

outs. 

4.3 SPF-pr•q experimental designs to investigate learning efficiency with respect to classroom environment 

SPF-pr•q experimental designs allow for investigating the effects of two factors A, C and a repeated 

measures factor B on a dependent variable. The factor A may have p levels, B may have q levels and C may have 

r levels. 

SPF-pr•q designs are the trifactorial enhancements of SPF-p•q designs. They are well-suited to investigate 

learning processes with respect to two factors (e.g., the first to a presage variable, the second to control the 

classroom environment). 

SPF-pr•q experimental designs are important for educational research for the following reasons: (1) p ≥ 2 

levels of learning and teaching may be considered for factor A (e.g. presage variables); (2) further r ≥ 2 levels of 

learning and teaching may be considered for factor C combined with factor A (e.g. characteristics of the 

classroom environment); (3) q ≥ 2 repeated measurements may be considered for factor B; (4) learners from the 

individual blocks are faced with same learning and teaching treatment q-fold; (5) pr samples of learners are 

necessary. If each sample consists of n learners, then the total sample size is N=prn. 

 

 

 

 

 

 

Figure 3. Layout of a SPF-22•3 experimental design 
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Figure 3 depicts the layout of a SPF-22•3 design (repeated measurements for factor B) with pr = 2 × 2 = 4 

samples (a1c1, a1c2, a2c1, a2c2) and q = 3 levels of factor B (b1, b2, b3) resulting in four samples s1...sn, sn+1...s2n, 

s2n+1...s3n, s3n+1...s4n.. 

Rank order statistics for SPF-pr••••q designs: The trifactorial D
pr••••q

-test 

The trifactorial D
pr•q

-test (Bredenkamp, 1974) allows for testing the effects of a factor A with p levels, a 

repeated measurement factor B with q levels, and a factor C with r levels on a dependent variable. Equal samples 

sizes per cell are assumed. In addition, subjects are completely randomized regarding factor A and factor C. 

1. Statistical hypotheses: The trifactorial D
pr•q

-test allows for testing seven null hypotheses that relate to the 

following effects: The unconditional effect of factor B, the conditional effect of factor B within factor C, the 

conditional effect of factor B within factor A, the conditional effect of factor B within the factor combination A 

× C, and the interactions B × A, B × C, and A × B × C: 

i) the means µ1, µ2, ..., µq of the populations under q levels of factor B are equal, i.e. 

B
H 0 : µ1 = µ2 = ... = µq; 

ii) the conditional means µ11, µ12, ..., µqr of the populations under q levels of factor B within factor C are 

equal, i.e. 

CB
H 0 : µ11 = µ12 = ... = µqr ; 

iii) the conditional means µ11, µ12, ..., µqp of the populations under q levels of factor B within factor A are 

equal, i.e. 

AB
H 0 : µ11 = µ12 = ... = µqp; 

iv) the conditional means µ111, µ112, ..., µqpr of the populations under q levels of factor B within the factor 

combination A × C are equal, i.e. 

CAB
H

×
0 : µ111 = µ112 = ... = µqpr; 

v) the means µ11, µ12, ..., µqp of the populations under qp levels of factor combination B × A are equal, i.e. 

AB
H

×
0 : µ11 = µ12= ... = µqp; 

vi) the means µ11, µ12, ..., µqr of the populations under qr levels of factor combination B × C are equal, i.e. 

CB
H

×
0 : µ11 = µ12= ... = µqr; 

vii) the means µ111, µ112, ..., µpqr of the populations under pqr levels of the factor combination A × B × C are 

equal, i.e. 

CBA
H

××
0 : µ111= µ112= ... = µpqr. 

2. Test statistics: The test statistics of the trifactorial D
pr•q

-test is based on the H-test by Kruskal-Wallis. N is 
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the total size, T are total rank sums, )(iaT  are the rank sums of the levels of factor A, )(ibT  are the pooled rank 

sums of the levels of factor B, iT  are the individual rank sums of the levels of the factors A, B, and C. 

The test statistics are: 

for 
B

H 0 :       );1(3
)1(

12

1)(

2

)(

. +⋅⋅−
+⋅⋅

= ∑
=

qNT
qqN

D
q

bi

bi

qpr

B  

for 
CB

H 0 :  );1(3
)1(

12

1)(

2

)(

. +⋅⋅−
+⋅⋅

⋅
= ∑

⋅

=

qNT
qqN

r
D

qp

ai

ai

qpr

CB
 

for 
AB

H 0 :  );1(3
)1(

12

1)(

2

)(

. +⋅⋅−
+⋅⋅

⋅
= ∑

⋅

=

qNT
qqN

p
D

qr

ci

ci

qpr

AB
 

for 
CAB

H
×

0 :  );1(3
)1(

12 2. +⋅⋅−Σ
+⋅⋅

⋅⋅
=× qNT

qqN

rp
D i

i

qpr

CAB
 

for 
AB

H
×

0 :  ;... qpr

B

qpr

AB

qpr

AB DDD −=×   

for 
CB

H
×

0 :  ;... qpr

B

qpr

CB

qpr

CB DDD −=×  

for 
CBA

H
××

0 :  ...... qpr

CB

qpr

AB

qpr

B

qpr

CAB

qpr

CBA DDDDD ××××× −−−=  

The statistic 
qpr

BD .
 is χ2

-distributed with df = q–1 degrees of freedom, 
qpr

CB
D .

 χ2
- distributed with 

df = r(q–1), 
qpr

AB
D .

 χ2
- distributed with df = p(q–1), 

qpr

ABD .

×  χ2
- distributed with df = pq–p–q+1, 

qpr

CAB
D .

×  χ2
- 

distributed with df = pr(q–1), 
qpr

CBD
.

×  χ2
- distributed with df = rq–r–q+1, and 

qpr

CBAD
.

××  χ2
- distributed with 

df = q(pr–p–r+1)+(1–r)(p–1). 

3. Decisions: For seven simultaneous D
pr•q

-tests, the decisions at adjusted α*
 = α/7 are as follows: (i) 

B
H 0  

is rejected, if 
qpr

BD .
 > 

2

)1;( * −qα
χ ; (ii) 

CB
H 0  is rejected, if 

qpr

CB
D .

 > 
2

))1(;( * −qrα
χ ; (iii) 

AB
H 0  is rejected, if 

qpr

AB
D .

 > 
2

))1((;( * −qpα
χ ; (iv) 

CAB
H

×
0  is rejected, if 

qpr

CAB
D .

×  > 
2

))1((;( * −qprα
χ ; (v) 

AB
H

×
0  is rejected, if 

qpr

ABD .

×  > 
2

))1(;( * +−− qppqα
χ ; (vi) 

CB
H

×
0  is rejected, if 

qpr

CBD
.

×  > 
2

))1(;( * +−− qrrqα
χ , and (vii) 

CBA
H

××
0  is rejected, 

if 
qpr

CBAD
.

××  > 
2

)))1)(1()1((;( * −−++−− prrpprqα
χ . 
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4. Example: An educational experiment using a SPF-22•2 design investigates the effect of two class levels 

(a1, a2), two methods (c1, c2) and three different measuring times (b1, b2, b3) on the application of computer 

science modeling. Table 3 contains the hypothetical data set – ranks and data (italics) – for the SPF-22•3 design. 

Table 3 

Hypothetical data set for a SPF-22•3 experimental design 

   b1 b2 b3 

  s1 3 (17)  1 (10) 2 (11) 

  s2 3 (20) 2 (15) 1  (8) 

a1c1 
s3

 3 (28)  2 (16) 1  (9) 

s4
 2 (16) 1 (10) 3 (22) 

  s5
 3 (24) 2 (16) 1  (6) 

  Ti 14 8 8 

  s6 2 (13) 1  (9) 3 (23) 

a1c2 
s7 1  (4) 2 (20) 3 (24) 

s3
 1  (4) 2 (19) 3 (25) 

  s9
 2 (14) 1  (3)  3 (19) 

  S10
 1 (14) 2 (17) 3 (28) 

  Ti 7 8 15 

  s11 3 (25) 1 (11) 2 (19) 

  s12 2 (12) 1 (7) 3 (20) 

a2c1 
s13

 3 (23) 2 (20) 1 (7) 

s14
 3 (14) 1 (7) 2 (8) 

  s15
 2 (19) 1 (8) 3 (21) 

  Ti 13 6 11 

  s16 1  (7) 2  (8) 3 (19) 

a2c2 
s17 3 (23) 1  (7) 2 (21) 

s18
 2 (15) 1  (3) 3 (18) 

  s19
 1  (8) 2 (14) 3 (24) 

  s20
 2  (8) 1  (7) 3 (21) 

  Ti 9 7 14 

 

For factor B, the test statistics 
qpr

BD .
 = 9.70 [0.005 < p(

2

)2(χ ) < 0.01] that is not significant at adjusted 

α*
 = α/7 = 0.007: the application of computer science modeling does not differ with respect to the three different 

measuring times (for calculations see Appendix B.3). 

The test statistics for factor B within factor C is
qpr

CB
D .

 = 10.40 [0.034 < p(
2

)4(χ ) < 0.035] that is not 

significant at adjusted α*
 = α/7 = 0.007: the application of computer science modeling does not differ with 

respect to the three different measuring times determined by the two methods. 
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The test statistics for factor B within factor A is
qpr

AB
D .

 = 20.80 [0.0001 < p(
2

)4(χ ) < 0.0003] that is 

significant at adjusted α*
 = 0.007: the application of computer science modeling differs with respect to the three 

different measuring times within the two class levels. 

The test statistics factor B within the factor combination A × C is 
qpr

CAB
D .

×  = 22.80 

[0.003 < p(
2

)8(χ ) < 0.004] that is significant at adjusted α*
 = 0.007: the application of computer science 

modeling differs for the two methods with respect to interaction A × C. 

The test statistics for the interaction B × A is 
qpr

ABD .

×  = 11.10 [0.0039< p(
2

)2(χ ) < 0.004] that is significant at 

adjusted α*
 = 0.007: the application of computer science modeling differs for the three measuring times with 

respect to the two grades. 

The test statistics for the interaction B × C is 
qpr

CBD
.

×  = 0.70 [0.70 < p(
2

)2(χ ) < 0.71] that is not significant at 

adjusted α*
 = 0.007: the application of computer science modeling does not differ for the three measuring times 

with respect to the methods. 

The test statistics for the second-order interaction A × B × C is 
qpr

CBAD
.

××  = 1.30 [0.52 < p(
2

)2(χ ) < 0.53] that 

is not significant at adjusted α*
 = 0.007: the application of computer science modeling does not differ for the two 

grades with respect to measuring times and methods. 

Further rank order statistics for SPF-pr••••q experimental designs 

Further rank order statistics for SPF-pr•q experimental designs could not be identified in the literature. 

5. Conclusions 

Experiments are of high value in educational research because they are well-suited to study causal 

relationships. The process-product paradigm implies that researchers conduct educational experiments with 

respect to relevant factors that are important for teaching and learning in classroom environments: presage, 

context, and process variables. Data collected in educational contexts are often ordinal and do not have the 

properties of a normal distribution. In addition, sample sizes are often small. Thus, rank order statistics should 

be used for analysis. 

Three types of factorial experimental designs have been described in this article: CRF-pq, SPF-p•q, 

SPF-pr•q. These designs have been chosen in order (1) to analyze interactions between two or more variables 

and (2) to include repeated measures comparisons. For each design, appropriate rank order statistics have been 

described and exemplified. 

One should be aware of the fact that this article mostly describes experimental education from a technical 

point of view. As a matter of course, researchers should first think about theoretical constructs and possible 

hypotheses before they choose experimental designs and statistical tests. Nevertheless, once an experimental 
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design has been reasonably chosen, experiments can be conducted with small samples and with data not meeting 

the requirements of parametric tests. 

Subsequent endeavors should treat hierarchical experimental designs including rank order statistics to 

investigate school classes as a whole. In addition, multivariate designs and appropriate rank order statistics 

should be systematically applied to the field of educational research. Using the experimental designs with rank 

order statistics, researchers are enabled to conduct classroom experiments with small samples and dependent 

variables on an ordinal scale. 
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Appendix A 

 

Rank order statistics (David, 1970; Sen & Puri, 1977; Hettmansperger, 1984) are non-parametric procedures 

whose test statistics are calculated based on ranks derived from the original data. Well-known examples of rank 

order statistics are the pair-difference-test by Wilcoxon, the U-test by Mann-Whitney, the 
2

rχ -test by Friedman, 

the H-test by Kruskal-Wallis. 

Using the simple U-test, the concept of rank order statistics is explained now: An educational experiment 

investigates the effect of two methods (a1, a2) on learning to read. Ten learners participate in the experiment. 

Five students learn with method a1, five students with method a2. Table A.1 contains the data yi, i=1, ..., 10. 

Table A.1 (left side) shows the original data, and table A.1 (right side) shows the ranks derived from the 

original data in ascending order. 

Table A.2 

Abbreviated form for data sets 

 

 

 

 

 

 

Table A.2 shows the abbreviated form used for data sets in the present article: ranks are listed in normal 

letters; italics in parentheses are used for original data.  

The difference regarding the sums of the ranks for the two methods a1 and a2 indicates possible differences 

in learning to read. For method a1 one calculates a sum of ranks T1 = 40 and for method a2 one calculates 

T2 = 15. 

To test whether the two sum of ranks differ, the test statistics of the U-test by Mann and Whitney is used: 

;
2

)1(
1

21
21 T

nn
nnU −

+⋅
+⋅=   

Where n1 and n2 are the sizes of the two individual samples, and T1 is the sum of ranks of the first sample. 

With respect to the example .040
2

)15(5
55 =−

+⋅
+⋅=U  

To decide, whether the U-statistics is significant, it is compared to the expected so-called critical value 

),;( 21 nnkritU α  at a selected level of significance α. Because U = 0  <  )5,5;05(.kritU  = 2, the test statistics U is 

significant at α = .05, or abbreviated: U = 0 [p( )5,5(U ) < 0.05]. 

 a1  a2 

 8 (13)  1 (1) 

 6 (9)  4 (6) 

 9 (16)  5 (7) 

 10 (20)  2 (3) 

 7 (11)  3 (5) 

T 40  15  

Table A.1  

Data set for the U-test by Mann-Whitney 

 data Y   ranks R 

 a1  a2   a1  a2 

 13  1   8  1 

 9  6   6  4 

 16  7 →  9  5 

 20  3   10  2 

 11  5   7  3 

n 5  5  T 40  15 
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Appendix B 

 

 

1. The bifactorial H-test for a CRF-32 design: calculations for the example in section 4.1 

 

 

Calculating BAH ×  

 

Table B.1 

Data set for the bifactorial H-test (N=30) 

  data Y     ranks R  

 a1 a1 a2 a2 a3 a3   a1 a1 a2 a2 a3 a3 

 b1 b2 b1 b2 b1 b2   b1 b2 b1 b2 b1 b2 

 6 1.5 12 8 28.5 12.5   9 1 20 12 29 21 

 2 6.5 11 7 29 14   2 10 18 11 30 24 

 4.5 2.5 11.5 8.5 27 13.5 →  6 3 19 13 27 23 

 3 5 10.5 9 28 13   4 7 17 14 28 22 

 4 5.5 10 9.5 26.5 16   5 8 16 15 26 25 

ni 5 5 5 5 5 5  Ti 26 29 90 65 140 115 

 

 

=+⋅−⋅
+⋅

= ∑
⋅=⋅
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)1(3
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1
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N
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43.27)130(3

5
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)130(30

12
222222
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


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


+++++⋅
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Calculating HA  

 

Table B.2 

Data pooled under factor A (original data in parentheses) (N=15) 

 pooled data Y    recalculated ranks R 

                  a2       a3   a1 a2 a3 

 7.5 (6+1.5) 20 (12+8) 41 (28.5+12.5)   2 7.5 12.5 

 8.5 (2+6.5) 18 (11+7) 43 (29+14)   4 6 15 

 7 (4.5+2.5) 20 (11.5+8.5) 40.5 (27+13.5) →  1 7.5 11 

 8 (3+5) 19.5 (10.5+9) 41 (28+13)   3 9.5 12.5 

 9.5 (4+5.5) 19.5 (10+9.5) 42.5 (26.5+16)   5 9.5 14 

ni(a) 5  5  5   Ti(a) 15 40 65 
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Calculating HB 

 

Table B.3 

Data pooled under factor B (original data in parentheses) (N=10) 

 pooled data Y   recalculated ranks R 

                    b2    b1 b2 

 46.5 (6+12+28.5) 22 (1.5+8+12.5)    10 1 

 42 (2+11+29) 27.5 (6.5+7+14)    8 4 

 43 (4.5+11.5+27) 24.5 (2.5+8.5+13.5) →   9 2 

 41.5 (3+10.5+28) 27 (5+9+13)    7 3 

 40.5 (4+10+26.5) 31 (5.5+9.5+16)    6 5 

ni(b) 10  10    Ti(b) 40 15 
 

 

82.6)110(3
5
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12
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Calculating BAH ×   

 

11.882.650.1243.27 =−−=−−=× BABA HHHH  
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2. The bifactorial D
p·q

-test for a SPF-3•2 design: calculations for the example in section 4.2 

 

Calculating
qp

AB
D .

 (see Table B.4) 

Table B.4 

Data set for the bifactorial Dp·q-test (N=15) 

  data Y   ranks R  

  b1 b2   b1 b2  

 s1 17 19   1 2  

 s2 14 25   1 2  

a1 s3
 13 24   1 2  

s4
 15 14   2 1  

 s5
 11 16   1 2  

    Ti 6 9  

  b1 b2   b1 b2  

 s6 12 15   1 2  

 s7 16 13   2 1  

a2 s8
 14 13 →  2 1  

s9
 15 28   1 2  

 s10
 19 20   1 2  

    Ti 7 8  

  b1 b2   b1 b2  

 s11 24 3   2 1  

 s12 27 6   2 1  

a3 s13
 18 7   2 1  

s14
 29 8   2 1  

 s15
 19  12   2  1  

    Ti 10 5  

   Ti(b) 23 22  
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Calculating qp

BD
.  (ranks added under factor A, see Table B.4) 
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Calculating 
qp

BAD
.

×   

 

 

93.607.00.7
... =−=−=×
qp

B

qp

AB

qp

BA DDD  
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3. The trifactorial D
pr•q

-test for a SPF-22•3 design: calculations for the example in section 4.3 

 

Table B.5 

Data set for the trifactorial Dpr•q-test (N=20) 

   data Y   ranks R   
   b1 b2 b3   b1 b2 b3   
  s1 17 10 11   3 1 2   
  s2 20 15 8   3 2 1   

a1c1 
s3

 28 16 9   3  2 1   
s4

 16 10 22   2  1 3   
  s5

 24 16 6   3  2 1    
       Ti 14 8 8   
  s6 13 9 23   2 1 3   

a1c2 
s7 4 20 24   1 2 3   
s3

 4  19 25   1 2 3   
  s9

 14 3 19   2 1 3   
  S10

 14 17 28   1 2 3   
      → Ti 7 8 15   
  s11 25 11 19   3 1 2   
  s12 12 7 20   2 1 3   

a2c1 
s13

 23 20 7   3 2 1   
s14

 14 7 8   3 1 2   
  s15

 19 8 21   2 1 3   
       Ti 13 6 11   
  s16 7 8 19   1  2 3   

a2c2 
s17 23 7 21   3 1 2   
s18

 15 3 18   2 1 3   
  s19

 8 14 24   1 2 3   
  s20

 8 7 21   2 1 3   
     Ti 9 7 14   
    Ti(a) 21 16 23   
    Ti(a) 22 13 25   
    Ti(b) 43 29 48   
    Ti(c) 27 14 19   
    Ti(c) 16 15 29   

 

 

Calculating qpr
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.  (ranks added under factors A and C, see Table B.5) 
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Calculating qpr

CB
D

.  (ranks added under factor C, see Table B.5) 
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Calculating 
qpr

AB
D .

 (ranks added under factors A, see Table B.5) 
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Calculating qpr

CAB
D .

×
 (see Table B.5)  
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Derived calculations 

 

 

10.1170.980.20... =−=−=×
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AB DDD  
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